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For a ﬁeld k and a ﬁnite group G acting regularly on a set of
indeterminates X = {Xg}g∈G , let k(G) denote the invariant ﬁeld
k(X)G . We ﬁrst prove for the alternating group An that, if n is odd,
then Q(An) is rational over Q(An−1). We then obtain an analogous
result where An is replaced by an arbitrary ﬁnite central extension
of either An or Sn , valid over Q(ζN ) for suitable N . Concrete
applications of our results yield: (1) a new proof of Maeda’s
result on the rationality of Q(X1, . . . , X5)A5/Q; (2) an aﬃrmative
answer to Noether’s problem over Q for both A˜5 and S˜5; (3) an
aﬃrmative answer to Noether’s problem over C for every ﬁnite
central extension group of either An or Sn with n 5.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction and notations
In what follows, k denotes an inﬁnite ﬁeld and G a ﬁnite group.
Let G act regularly on a set of indeterminates {Xg}g∈G , and let k(G) denote the invariant ﬁeld
k({Xg})G . Noether’s problem for G over k asks whether the extension k(G)/k is rational, i.e. purely tran-
scendental.
The answer is ’yes’ for the symmetric group Sn (every k). On the other hand, it is known that
the answer is ’no’ for some G ’s, even for an algebraically closed k. For most G ’s, as for example the
alternating groups An with n > 5, the problem remains open for every k. For known results on this
question and other related ones, the interested reader is referred to [3,5,8,22,25].
A more general version of Noether’s problem asks, in Serre’s terminology [24, 33.1], whether the
following property holds:
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the extension k(V )G/k is rational.
By the No-name Lemma, Noe(G/k) holds if and only if k(G)/k is stably rational, i.e. k(G)(T )/k
is rational for some ﬁnite set T of indeterminates. In this paper, as in [5], what is meant by “the
No-name Lemma” is the following very well-known result (cf. [11, Rem. 3]):
Let V be a faithful, ﬁnite-dimensional, linear representation of G over k. If W ⊂ V is a faithful
subrepresentation, then the extension k(V )G/k(W )G is rational.
The original motivation for considering Noether’s problem has to do with the implication
Noe(G/k) ⇒ Rat(G/k), where
Rat(G/k): There exists a generic Galois extension for G over k, in the sense of Saltman [19].
This property is known to be equivalent (for inﬁnite k) to each of the following ones (see, e.g.,
[5]):
(i) There exists a faithful, ﬁnite-dimensional, linear representation V of G over k such that the ex-
tension k(V )G/k is retract rational.
(ii) For every V as in (i), the extension k(V )G/k is retract rational.
(iii) There exists a generic polynomial for G over k.
One purpose of the present paper is to extend some results about the Rat-property for central
extensions of Sn and An obtained in [13], to their corresponding versions for the Noe-property.
Section 2 is devoted to Noether’s rationality problem for alternating groups over characteristic
0 ﬁelds. We prove (Theorem 2): for every odd n, Q(An) is rational over Q(An−1). Such a sentence
always means that the ﬁrst ﬁeld is rational over a subﬁeld isomorphic to the former one. In particular,
Noe(An/Q) and Noe(An−1/Q) are equivalent to each other.
For, we use a result of J.-F. Mestre [10] which, for a characteristic 0 ﬁeld K and each general
enough monic polynomial P (X) ∈ K [X] of odd degree n, gives a “nice” one-parametric family P (X) −
T Q (X) ∈ K (T )[X] of monic polynomials of degree n. Here, the coeﬃcients of Q (X) are Q-rational
functions in the coeﬃcients of P (X).
Basic properties of Mestre’s construction show that, if x1, . . . , xn are the roots of P (X) and
y1, . . . , yn−1 are the non-zero roots of P (X) − P (0)Q (0) Q (X), then we have an inclusion
Q(y1, . . . , yn−1)An−1 ⊂ Q(x1, . . . , xn)An .
What we actually prove is that, if the xi ’s are algebraically independent over Q, then so are the yi ’s
and the above ﬁeld extension is rational.
In Section 3 we beneﬁt from the following property, which is crucial in [10]: the Galois embedding
problem deﬁned by a double cover of GalK (T )(P (X) − T Q (X)) has constant obstruction (independent
of T ). It is then a natural goal to extend the results of Section 2 for An to its non-trivial double
cover A˜n .
We prove (Theorem 11): for every odd n, Q( A˜n) is rational over Q( A˜n−1). In addition, this holds
for double covers of symmetric groups too. Moreover, as both An and Sn have (generically) Schur
multiplier isomorphic to Z/2Z, it turns out that the analogous result for arbitrary ﬁnite central ex-
tensions of An and Sn also holds, provided our base ﬁeld contains enough roots of unity (with an
extra assumption in the case n = 7).
As a corollary, we obtain an aﬃrmative answer to Noether’s problem over Q for the binary icosa-
hedral group A˜5 ∼= SL(2,5) and also for a representation group S˜5 of S5. For the other representation
group Ŝ5 of S5, J.-P. Serre proved in [24, Ex. 33.27] that Rat( Ŝ5/Q) does not hold.
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ﬁnite central extension group of either Sn or An .
Weaker versions for the results of Section 3 already appeared in our previous work [13], where we
proved statements about “retract-rationality” instead of “rationality” ones. The main new ingredient
here is a result of D. Saltman, which allows us to view Q( A˜n) as a generic splitting ﬁeld, over Q(An),
of the obstruction in 2Br(Q(An)) to the embedding problem deﬁned by








To close this Introduction, let us mention that Section 2 is a shortened version of an un-
published manuscript, which the reader may found cited somewhere as “On the Q-rationality of
Q(X1, . . . , X5)A5 .”
2. Alternating groups
We ﬁrst recall Mestre’s result mentioned above. As in [10], for a given H ∈ Z[A1, . . . , An], a monic
polynomial Xn + a1Xn−1 + · · · + an is called H-general if H(a1, . . . ,an) = 0.
Proposition 1 (Mestre). Let n  3 be an odd integer. Let A1, . . . , An, T denote indeterminates. There exist a
non-zero H ∈ Z[A1, . . . , An] and a monic polynomial Q (A1, . . . , An; X) ∈ Q(A1, . . . , An)[X] of degree n− 1
with respect to X such that, for every ﬁeld K of characteristic 0, the following holds. If P (X) = Xn +a1Xn−1 +
· · · + an ∈ K [X] is an H-general polynomial and we denote Q (X) := Q (a1, . . . ,an; X), then:
(i) P (X) is separable and Q (X) is a well-deﬁned monic polynomial in K [X] of degree n − 1 such that
Q (0) = 0.
(ii) Q (X) is the unique monic polynomial in K [X] which is coprime with P (X) and such that P ′Q − P Q ′ is
a square in K [X].
(iii) If the discriminant of P (X) is a square in K , then the Galois group of P (X) − T Q (X) over K (T ) is An.
Otherwise, it is Sn.
(iv) Given a central extension of GalK (T )(P (X) − T Q (X)) with ﬁnite kernel C of order prime to 3, the asso-
ciated embedding problem has constant obstruction (it belongs to H2(GK ,C) ⊂ H2(GK (T ),C)).
Moreover, we can assume that H(0, . . . ,0,−1,0) = 0.
Proof. This result can be easily deduced from [10], as follows.
Let Q˜ (A1, . . . , An; X) ∈ Z[A1, . . . , An][X] be the polynomial obtained in [10, Prop. 1] (called Q
there) and let H˜ ∈ Z[A1, . . . , An] be as in [10, p. 486] (called H there). Let us deﬁne H1 := c.H˜ , where
c denotes the degree 0 coeﬃcient of Q˜ (A1, . . . , An; X).
Note that, from [10, Prop. 4] (and the proof of [10, Prop. 1]), we know that H1(0, . . . ,0,−1,0) = 0.
Let a ∈ Z[A1, . . . , An] be the leading coeﬃcient of Q˜ (A1, . . . , An; X) and let us take
Q (A1, . . . , An; X) := 1a Q˜ (A1, . . . , An; X).
From Propositions 1, 2 and 4 in [10], one checks that (i)–(iv) hold provided P (X) is H1-general,
with the only possible exception of the uniqueness requirement in statement (ii).
Let En−1 be the K -vector space of polynomials in K [X] of degree  n − 1, and let φP : En−1 →
K [X]/(P ) be the K -linear map given by φP (U ) = P ′′U −2P ′U ′ (mod P ). From [10, p. 487], we know
that rank(φP ) n− 1, and that uniqueness in (ii) is equivalent to rank(φP ) = n − 1.
For P (X) = Xn + A1Xn−1 + · · · + An , let M denote the matrix of φP with respect to the natural
bases. Let m ∈ Z[A1, . . . , An] be the linear coeﬃcient in the characteristic polynomial of M .
It is now clear that, if we take H := m.H1, then we have uniqueness in (ii) for every H-general
P (X).
Finally, if M0 denotes the matrix of φP for P (X) = Xn − X , then it is straightforward to check
that rank(M20) = n − 1. Hence, the linear coeﬃcient in the characteristic polynomial of M0 must be
non-zero and we conclude that H(0, . . . ,0,−1,0) = 0. 
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Theorem 2. Let {Xi}i and T denote indeterminates. Then, for every odd integer n 3, there is a ﬁeld isomor-
phism
Q(X1, . . . , Xn)
An ∼= Q(X1, . . . , Xn−1)An−1(T ).
In particular, Q(An) is rational over Q(An−1).
Proof. Let H ∈ Z[A1, . . . , An] be as in Proposition 1, including the additional property H(0, . . . ,0,
−1,0) = 0.
Let p(X) =∏1in(X − Xi) be the general polynomial of degree n and let us deﬁne
K := Q(X1, . . . , Xn)An .
Since p(X) must be H-general, it makes sense to consider the corresponding polynomial q(X) ∈
K [X] given by Proposition 1, and it must be q(0) = 0. We can then take t := p(0)/q(0) in order to
obtain
p(X) − tq(X) = X f (X),
for some monic polynomial f (X) ∈ K [X] of degree n− 1.
Let Z1, . . . , Zn−1 be the roots of f (X) ∈ K [X], in an algebraic closure of K . We claim that
Z1, . . . , Zn−1 are algebraically independent over Q.
Let us deﬁne the (p → p0)-specialization as the assignment that sends the coeﬃcients of p(X)
to the coeﬃcients of p0(X) := X .∏1in−1(X − Xi). The polynomial p0(X) is H-general because
H(0, . . . ,0,−1,0) = 0. From (i) in Proposition 1, it follows that the (p → p0)-specializations of both t
and q(X) are well deﬁned and the ﬁrst one is 0. So, the (p → p0)-specialization of p(X) − tq(X)
is well deﬁned and it is p0(X). Hence, viewing the coeﬃcients of f (X) as Q-rational functions
in the coeﬃcients of p(X), the (p → p0)-specialization of f (X) is well deﬁned and produces∏
1in−1(X − Xi). This proves the claim.
Now, let us denote K ′ := Q(Z1, . . . , Zn−1)An−1 . We are going to see that K equals K ′(t), which is
certainly isomorphic to Q(X1, . . . , Xn−1)An−1 (T ).
We ﬁrst note that the coeﬃcients of q(X) lie in K ′ , since X f (X) ∈ K ′[X] is H-general and q(X)
must be its corresponding polynomial in Proposition 1. This last assertion follows from uniqueness in




q(X) − (X f (X))q′(X) = p′(X)q(X) − p(X)q′(X).
Now, from Proposition 1(iii), we obtain that:
(a) p(X) − Tq(X) has Galois group An over K (T ),
(b) X f (X) − Tq(X) has Galois group An over K ′(t)(T ).
By specialization of (a) at T = t , it follows that GalK (X f (X)) ⊆ An , which means that GalK ( f (X)) ⊆
An−1. Hence, we have an inclusion K ′ ⊆ K and also K ′(t) ⊆ K .
Analogously, specialization of (b) shows that GalK ′(t)(p(X)) ⊆ An , and the inclusion K ⊆ K ′(t) must
hold too.
This proves the ﬁrst assertion in Theorem 2.
The second assertion is also clear since, by the No-name Lemma, the ﬁeld Q(An) is rational over
Q(X1, . . . , Xn)An and the ﬁeld Q(An−1) is rational over Q(X1, . . . , Xn−1)An−1 . 
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rem 2 one obtains another proof of the rationality of Q(X1, . . . , X5)A5/Q, ﬁrst established by Maeda
in [9].
Corollary 4. For every odd n 3, Noe(An/Q) and Noe(An−1/Q) are equivalent to each other.
It was shown by Saltman [21, Prop. 3.6] that stable isomorphisms preserve retract-rationality.
Hence, we have:
Corollary 5. For every odd n 3, Rat(An/Q) and Rat(An−1/Q) are equivalent to each other.
Remark 6. In particular, for each odd n, if there exists a generic polynomial F (X) for An−1 over Q, so
must happen for An . This implication can be made explicit as follows.
First, we can assume that F (X) has degree n − 1. Let G(X) be the “generic” Tschirnhaus transfor-
mation of F (X), so that G(X) depends on the same parameters as F (X) plus n− 1 new ones. If Q (X)
denotes the polynomial corresponding to P (X) := XG(X) in Proposition 1, then one can show that
XG(X) − T Q (X) is indeed generic for An over Q.
3. Central extensions of An and Sn
Our goal in this section is to prove a version of Theorem 2 where An is replaced by a ﬁnite central
extension group of An or Sn . A key ingredient for this will be a result of Saltman. Before stating it, let
us recall some terminology.
Let Br(K ) denote the Brauer group of a ﬁeld K , and NBr(K ) its N-torsion subgroup. Following
Roquette [17], if γ = [B] ∈ Br(K ) is the class of a K -central simple algebra B and m 1 is a multiple
of the index of B , then Fm(γ ) denotes the mth Brauer ﬁeld of γ . Recall that Fm(γ )/K is a regular
extension of transcendence degree m − 1, which is rational if and only if γ is trivial. If m equals the
degree of B , then Fm(γ ) is the generic splitting ﬁeld of B introduced by Amitsur in [1] or, equivalently,
the K -function ﬁeld of the Brauer–Severi variety associated to B .
Let us also mention that, whenever k is a ﬁeld and U is a normal subgroup of a ﬁnite group H , we
view k(H/U ) as a subﬁeld of k(H) via the natural inclusion coming from the regular action of H/U on
U -ﬁxed elements in the regular representation of H .
Proposition 7 (Saltman). Let 1 → C → H → G → 1 be a central extension of ﬁnite groups, representing an
element ε ∈ H2(G,C). Let k be an inﬁnite ﬁeld and let N denote the exponent of C . Assume that N is prime to
the characteristic of k and that k containsμN , the group of Nth roots of unity. Let be given a decomposition C ∼=
μN1 × · · · × μNr , and let the corresponding isomorphism H2(G,C) ∼=
⊕
i H
2(G,μNi ) map ε to (εi)i . Let also
be given a faithful subrepresentation V of the regular representation of G over k, and let γi ∈ NBr(k(V )G) ⊂
Br(k(V )G) be the inﬂation of εi with respect to the isomorphism G ∼= Gal(k(V )/k(V )G). Then,
k(H) is rational over the k(V )G-free compositum Fm(γ1) · · · Fm(γr),
where m denotes the order of G.
Proof. The core of this result is explained in [23, p. 541], in terms of twisted multiplicative invariant
ﬁelds. It can also be seen as a consequence of [20, Thm. 1.5], as follows.
We ﬁrst prove the proposition in the case r = 1 and C = μN .
Let L/K be a Galois G-extension of ﬁelds containing k and let γK ∈ Br(K ) be the corresponding
inﬂation of ε. Let ζ ∈ μN ⊂ k be a ﬁxed primitive Nth root of unity.
Let W denote the regular representation of H over k and let ϕ ∈ GL(W ) correspond to ζ ∈ μN ⊂ H .
Take U := Ker(ϕ−ζ IdW ), which is a faithful subrepresentation of W of dimension m. Let H act semi-
linearly on UL := U ⊗k L, where H acts on L through the ﬁxed epimorphism to G .
B. Plans / Journal of Algebra 321 (2009) 3704–3713 3709Then, [20, Thm. 1.5] can be rephrased as saying that the invariant ﬁeld (L(UL))H is rational over
Fm(γK ) of transcendence degree 1. More precisely, in the proof of [20, Thm. 1.5] one ﬁnds Fm(γK )
identiﬁed with a ﬁeld denoted by q(T )G which equals (L(PUL))H = (L(PUL))G , and the extension
(L(UL))H/(L(PUL))H is rational by a result of Miyata [11].
In the particular case L := k(V ) and K := k(V )G , we have (L(UL))H = k(U ⊕ V )H . Since U ⊕ V is
a faithful subrepresentation of W (identifying Ker(ϕ − IdW ) with the regular k-representation of G),
the ﬁeld k(H) = k(W )H is rational over k(U ⊕ V )H by the No-name Lemma.
Let us now consider the case r > 1.
Let W denote the regular representation of H := H/μN1 over k, so that k(H) = k(W )H .
Let ε′1 ∈ H2(H,μN1) be the class of 1 → μN1 → H → H → 1, and let γ1 ∈ N1Br(k(V )G) ⊂
Br(k(V )G) and γ ′1 ∈ N1Br(k(H)) ⊂ Br(k(H)) be the inﬂations of ε1 and ε′1, respectively, with respect to
Gal(k(V )/k(V )G) ∼= G and Gal(k(W )/k(H)) ∼= H .
As ε′1 is the inﬂation of ε1 with respect to H G , we have γ ′1 = res(γ1), where res : Br(k(V )G) →
Br(k(H)) denotes the restriction map induced by k(V )G ⊂ k(G) ⊂ k(H). Thus, by [17, p. 427],
Fm′(γ
′
1) = Fm′(γ1) · k(H),
where m′ denotes the order of H and Fm′ (γ1) ·k(H) denotes free compositum over k(V )G . In addition,
Fm′ (γ1) is rational over Fm(γ1) by [17, Thm. 4].
This shows that k(H) is rational over Fm(γ1) · k(H), as we already know that k(H) is rational over
Fm′ (γ ′1) (the case r = 1).
Finally, the central extension 1 → C/μN1 → H → G → 1 represents the element (ε2, . . . , εr) ∈⊕
i2 H
2(G,μNi ) ∼= H2(G,C/μN1 ), and we can repeat the above argument if necessary. 
Remark 8. It follows from Proposition 7 that, if 1 → D → J → G → 1 is another ﬁnite central exten-
sion and k also contains μexp(D) , then k(H×G J ) is rational over the k(G)-free compositum k(H) ·k( J).
A direct consequence of Schur’s theory of projective representations is: if G is a ﬁnite group with
Schur multiplier of prime order, G˜ is a representation group of G , and H is a cyclic central extension
of G , then the ﬁeld C(H) is stably isomorphic to either C(G) or C(G˜). A more precise statement
arises from Proposition 7, as in our next result. We state it for an arbitrary prime number p, although
it will be applied only in the slightly simpler case p = 2.
Proposition 9. Let 1 → C → H → G → 1 be a central extension of ﬁnite groups. Let M(G) be the Schur
multiplier of G, let G ′ (resp. H ′) be the derived subgroup of G (resp. H), and let N (resp. e) denote the exponent
of C (resp. G/G ′). Let k be an inﬁnite ﬁeld containing the (e.N)th roots of unity.
(a) If H ′ ∩ C = {1}, then k(H) is rational over k(G).
(b) If H ′ ∩ C = {1} and M(G) ∼= Z/pZ for some prime number p, then k(H) is rational over k(G˜) for any
representation group G˜ of G.
Proof. We can assume that N is prime to the characteristic of k. Indeed, if l = char(k) and Cl is a
central l-subgroup of a ﬁnite group Q , then k(Q ) is rational over k(Q /Cl) by [6, Cor. 1.2].
Let us deﬁne K := k(G) = k(W )G , where W denotes the regular representation of G over k.
For each μM ⊂ k∗ we have an inﬂation map H2(G,μM) → MBr(K ) ⊂ Br(K ) coming from
Gal(k(W )/K ) ∼= G . In what follows, all these maps will be denoted by the same symbol “inf”, without
further explanation.
Let ε ∈ H2(G,C) be the class of 1 → C → H → G → 1. Let us consider a decomposition C ∼=
μp1s1 × · · · × μpr sr , where each pi is a prime number, and let ε map to (εi)i via the isomorphism
H2(G,C) ∼=⊕i H2(G,μpi si ). Take γi := inf(εi).
If H ′ ∩ C = {1}, then we assume M(G) ∼= Z/pZ, we let ε˜ ∈ H2(G,μp) be the class of a representa-
tion group 1 → μp → G˜ → G → 1, and we take γ˜ := inf(˜).
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if H ′ ∩ C = {1}, and 〈γ 〉 = 〈γ˜ 〉 otherwise. Note that, since H ′ ∩ C must be isomorphic to a subgroup
of M(G), the case H ′ ∩ C = {1} occurs only for q = p.
Then, for an arbitrary r, we would have:
(a) If H ′ ∩ C = {1}, then all the γi ’s are trivial and k(H) is rational over k(G) by Proposition 7.
(b) Otherwise, we can assume that p1 = p, 〈γ1〉 = 〈γ˜ 〉 and Fm(γ1) is a splitting ﬁeld for each γi ,
where m denotes the order of G . Then, Fm(γ1) · Fm(γi) is rational over Fm(γ1) (see [17, Thm.
2]) and we conclude from Proposition 7 that k(H) is rational over Fm(γ1). In addition, the ﬁelds
Fm(γ1) and Fm(γ˜ ) are k-isomorphic by [18] because 〈γ1〉 = 〈γ˜ 〉 and, in Roquette’s terminology,
either γ˜ is strongly solvable or its Schur index is strictly smaller than m. Thus, k(H) is rational
over k(G˜) since, by Proposition 7, both ﬁelds are rational over Fm(γ˜ ).
Let us now prove the claim.
For each 1  j  s, let H2(G,μq j )
i j−→ H2(G,μeqs ) be the cohomology map obtained from the
natural inclusion of trivial G-modules μq j ⊂ μeqs .
Let H20(G,μq j ) ⊆ H2(G,μq j ) denote the subgroup of classes of central extensions 1 → μq j → M →
G → 1 such that M ′ ∩ μq j = {1}.
As e is the exponent of G/G ′ , it turns out that Ker(i j) = H20(G,μq j ).
Since μeqs ⊂ k∗ by hypothesis, each inﬂation map H2(G,μq j ) → Br(K ) factors through
H2(G,μq j )
i j−→ H2(G,μeqs ). Thus, γ = inf(is(ε)).
In particular, if ε ∈ H20(G,μqs ), then γ = 0 as claimed.
Now assume ε /∈ H20(G,μqs ), q = p and M(G) ∼= Z/pZ. It is well known that H20(G,μq j ) has a
complement in H2(G,μq j ) isomorphic to M(G) ⊗ μq j (cf. [7, Sec. 2.1]). Thus, the image Im(i j) is a
cyclic group (of order p) generated by any element i j(δ) with δ /∈ H20(G,μq j ), and we conclude
〈γ 〉 = 〈inf(is(ε))〉= 〈inf(i1(˜))〉= 〈γ˜ 〉. 
Remark 10. From Proposition 9(a) we retrieve a result of Beneish [2] in the following slightly stronger
form: if G is a ﬁnite group with trivial Schur multiplier and k is a cyclotomically closed ﬁeld, then
k(H) is rational over k(G) for every ﬁnite central extension 1→ C → H → G → 1.
The arguments of Section 2, together with Proposition 7, give rise to the main result of this section.
Theorem 11. Let n  3 be an odd integer and let Gn denote either An or Sn. Let be given a ﬁnite central
extension
1 → C → Hn → Gn → 1,
and let Hn−1 denote the restriction of Hn to Gn−1 := Gn ∩ Sn−1 . In the case Gn = A7 assume, moreover, that
C has order prime to 3. Let 2s be the exponent of the 2-Sylow subgroup of C . Take k := Q(ζ2s ). Then,
k(Hn) is rational over k(Hn−1).
In particular, if C ∼= Z/2Z, then Q(Hn) is rational over Q(Hn−1).
Proof. For Gn = A3, the result already holds over Q. In fact, in this case, there exist l  0 and a
suitable abelian group A such that Hn−1 ∼= A × Z/3lZ and Hn ∼= A × Z/3l+1Z. As both Q(Z/3l+1Z)
and Q(Z/3lZ) are rational over Q by [4, Cor. 3.3], it follows from [6, Thm. 1.9] that both Q(Hn) and
Q(Hn−1) are rational over Q(A).
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morphic to Z/2Z.
It is well known (see [7, Sec. 2.12]) that the Schur multiplier of Gn is isomorphic to Z/6Z if
Gn = A7, it is trivial if n 3, and it is isomorphic to Z/2Z otherwise (n is odd by hypothesis).
It follows that, if C1 denotes the prime-to-2-part of C , then H2(Gn,C1) = {0} (cf., e.g., [7, 2.1.20]),
and we have isomorphisms Hn ∼= C1 × (Hn/C1) and Hn−1 ∼= C1 × (Hn−1/C1). Then, the proof of [6,
Thm. 1.9] shows that k(Hn) and k(Hn−1) are rational over the k-free compositums k(C1).k(Hn/C1) and
k(C1).k(Hn−1/C1), respectively. Hence, it suﬃces to prove that k(Hn/C1) is rational over k(Hn−1/C1).
In other words, we can assume that C is a 2-group, and that an isomorphism C ∼= μN1 × · · · ×μNr
has been ﬁxed, where each Ni is a power of 2.
Let (εi)i ∈⊕i H2(Gn,μNi ) ∼= H2(Gn,C) correspond to the class of the given extension 1 → C →
Hn → Gn → 1. Let ε′i ∈ H2(Gn−1,μNi ) be the restriction of εi to Gn−1, so that (ε′i)i corresponds to
1 → C → Hn−1 → Gn−1 → 1.
We are also going to use the following notations:
• p(X) =∏1in(X − Xi) is the general polynomial of degree n,
• K := k(X1, . . . , Xn)Gn ,
• q(X) ∈ K [X] is the polynomial corresponding to p(X) from Proposition 1,
• p(X) − tq(X) = X f (X), where t := p(0)/q(0),
• Z1, . . . , Zn−1 are the roots of f (X) ∈ K [X],
• K ′ := k(Z1, . . . , Zn−1)Gn−1 .
As in the proof of Theorem 2, we have K = K ′(t). There, we only considered the case Gn = An , but
exactly the same argument works for Gn = Sn too.
Let γi ∈ NiBr(K ) ⊂ Br(K ) be the inﬂation of εi with respect to the isomorphism
Gal(k(X1, . . . , Xn)/K ) ∼= Gn , and let γ ′i ∈ NiBr(K ′) ⊂ Br(K ′) be the inﬂation of ε′i with respect to
Gal(k(Z1, . . . , Zn−1)/K ′) ∼= Gn−1.
Thus, γi is the obstruction to the Galois embedding problem deﬁned by the couple [εi,Gn ∼=
Gal(Q(X1, . . . , Xn)/K )]. Also, if resK : Br(K ′) → Br(K ) denotes the restriction map induced by K ′ ⊂
K ′(t) = K , then res(γ ′i ) is the obstruction to [ε′i,Gn−1 ∼= Gal(Q(Z1, . . . , Zn−1, t)/K )].
Now the point is that γi = res(γ ′i ) in Br(K ) by Proposition 1(iv), because both extensions
Q(X1, . . . , Xn)/K and Q(Z1, . . . , Zn−1, t)/K arise as splitting ﬁelds over K of some (separable) spe-
cialization of p(X) − Tq(X).
If m denotes the order of Gn , then Fm(γi) = K · Fm(γ ′i ), where K · Fm(γ ′i ) means free composi-
tum over K ′ (cf. [17, p. 427]). Hence, the K -free compositum Fm(γ1) · · · Fm(γr) equals the K ′-free
compositum K · Fm(γ ′1) · · · Fm(γ ′r ).
As K is rational over K ′ , we conclude that Fm(γ1) · · · Fm(γr) is rational over Fm(γ ′1) · · · Fm(γ ′r ),
hence also over Fm′ (γ ′1) · · · Fm′ (γ ′r ) by [17, Thm. 4], where m′ denotes the order of Gn−1.
This is all we need since, by Proposition 7, the ﬁelds k(Hn) and k(Hn−1) are rational over
Fm(γ1) · · · Fm(γr) and Fm′ (γ ′1) · · · Fm′ (γ ′r ), respectively. 
Corollary 12. For every odd n 3, Noe(Hn/k) and Noe(Hn−1/k) are equivalent to each other.
Remark 13. In [13] we proved (odd n): Rat(Hn/k) ⇔ Rat(Hn−1/k).
Our ﬁnal result collects some consequences of all the above. For n  2, let sn denote the only
non-trivial element in H2(Sn, {±1}) whose restriction to An is trivial. For n  4, let s˜n and ŝn be
the elements in H2(Sn, {±1}) ∼= Z/2Z ⊕ Z/2Z whose restriction to An is the only non-trivial element
a˜n ∈ H2(An, {±1}) ∼= Z/2Z. Here, s˜n (resp. ŝn) is the class of a central extension
1→ {±1} → S˜n → Sn → 1
(
resp. 1 → {±1} → Ŝn → Sn → 1
)
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groups occurring in a˜n and sn .
Theorem 14.
(a) If an inﬁnite ﬁeld k contains the 4th roots of unity, then k( S˜n) and k( Ŝn) are isomorphic over k(Sn), hence
also over k (n 4). In particular, Noe( S˜n/k) and Noe( Ŝn/k) are equivalent to each other.
(b) The extension k(H)/k is rational, hence Noe(H/k) does hold, in each of the following cases:
(i) k = Q and H = S2 , S3 , A˜4 , A˜5 , S˜4 or S˜5 .
(ii) k = Q(i) (where i2 = −1) and H = Ŝ4 , Ŝ5 or Sn (every n).
(iii) k = C and H a ﬁnite central extension of An or Sn, with n 5.
Proof. (a) follows from Proposition 9(b) (and its proof).
Part (i) in (b) is known to hold for S2 ∼= Z/4Z by [12], for A˜4 by [16], and for S˜4 by [14]. For S3,
A˜5 and S˜5, it follows from Theorem 11.
For Ŝ4 and Ŝ5, part (ii) in (b) follows from part (i) and (a). For Sn , it follows from Proposition 9(a).
By Proposition 9, part (iii) in (b) follows from parts (i) and (ii) (and Remark 3). 
Remark 15.
1. The groups A˜4, S˜4 and A˜5 are isomorphic to SL(2,3), GL(2,3) and SL(2,5), respectively. The
group S3 is isomorphic to Q 12, the generalized quaternion group of order 12.
2. Serre proved in [24, Thm. 33.26, Ex. 33.27] that property Rat(G/Q), hence neither Noe(G/Q),
does not hold for G = Ŝ4, Ŝ5, A˜6, A˜7.
3. For n = 6,7, we can drop in Theorem 14(a) the hypothesis that k contains the square roots of −1.
This is obvious for n = 6 because S˜6 ∼= Ŝ6 (see, e.g., [7, 2.12.3]). Then, for n = 7, it follows from
Theorem 11. In particular, Noe( S˜6/Q), Noe( Ŝ6/Q), Noe( S˜7/Q) and Noe( Ŝ7/Q) are all equivalent
to each other.
4. In [15], Prokhorov reviews the following problem: given a faithful, four-dimensional, C-linear
representation V of a ﬁnite group G , is C(V )G/C rational? New results on this follow from part
(iii) in Theorem 14(b).
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